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INTRODUCTION 

An analysis of the flutter, vibration, and buckling of orthotropic conical shells is 
presented in NASA TN D-5759. Certain lengthy expressions which were developed in the 
analysis are required for complete documentation but were considered to be of interest 
to only a limited group of readers. This supplement to NASA TN D-5759 presents these 
expressions in four sections. The first section gives the details of the solution of the 
compatibility equations. The second section presents the expressions lij, gjj, Iq-j, 
and that appear in the boundary conditions for the stress functions. The third sec- 
tion presents expressions for the matrix elements b^j, Cjj, djj, e^, and fjj of the 
governing stability equation (eq. (8)). The fourth section presents expressions for 
the nondimensional parameters and Mjj which relate the stiffness and inertia 
characteristics of end rings to the ring and shell material properties and geometry. The 
parameters Sij and Mjj appear in the expressions presented in the second and third 
sections. The notation form S i j j refers to the small end of the conical shell and S^j ^2 
to the large end. All symbols not defined herein are defined in the list of symbols in 
NASA TN D-5759. 



SOLUTION OF COMPATIBILITY EQUATION 


The compatibility equation is 

- *yB tH - ( y2e f® y ) ;y * ye yB, y “ y “ w B,yy 
or, in terms of the stress function F, 

L 2 (F) = -Bg^l - M’ e My)w Bjyy cot a 


where 


l 2( ) = y( ),yyyy + 


3^ ) + v 3^ \<t><t> + 7$ " y* * >yy 
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(* " M e M y) " 2ll 'e 3 ( } >y <P<t> + ¥ \yyM 


(SI) 


(S2) 
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Equation (S2) has variable coefficients that reduce to constant coefficients by use of 
the transformation of coordinates 

y = y^ eX (S4) 

For simple harmonic motion the displacement Wg is assumed to be 

W B = j( x ) cos n 0 eiWt (S5) 

where 

. M 

w|(x) = a Q + a Q + ^ a m sin (S6) 

m=l 1 

If the stress function F is taken to be 

F = e x f(x) cos n <p e*^ (S7) 

and equations (S4) and (S6) are utilized, equation (S2) reduces to the ordinary differential 
equation 

f ,xxxx + p i f ,xx + P 2 f = ^0^ “ ^y^l cos « ( W B xx - W B >X ) (S8) 
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where 


Pi * -( i + - " 2 - ">y) - 2 »'e 


p 2 = §V - 1) 2 

B y J 

By the use of equation (S7) , equation (S8) contains only even derivatives of f with 
respect to x. The homogeneous solution is readily found to be 

_ Xix _ -X-ix _ Xox — -Xox 
fh = Aj_e 1 + A 2 e 1 + A g e 1 + A 4 e A (S10) 


T ( 2 A 1 / 2 ! 

_ ~ P 1 + ( P 1 - 4p 2 ) 

2 

r / 2 \ i/2 7 

. - p i - ( p i - 4p 2 ) 

I 2 


The particular solution is obtained by substituting 


M 

f p = d o + ^ ( d m cos *x“ 
m=l V 




into equation (S8) and matching coefficients; this gives 


B e( 1 - MgM^yi cot a 


d m = 


B e(i - cot “ 


e m - 


(W) - Pl(f ) - p 2 

_ B e( x - 1 c ° ta /mi7\ 2 

(f) 4 - P l(ff + I> 2 ' ’ 
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Thus f = fj^ + fp becomes 
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and 
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N 


y0B 


nB g(l - Mg^y) 


cot a 


Yl e 


AiX A -Xix v Xox -Xox 

- A2^-^e + AgX2^ — ■^■^.^'2^ 


v. 


M 




(gj c “^-(^ rta ^r 


Z_ (fW^) * P 2 

m=l \ 1 / V 1 / 


a m \ sin n</> 


(SI 7) 


The constitutive equations are 


e eB- B ^i- M >^( NeB ,i,,NyB ) 

(S18a) 

£ y B " Bo(l - Men y)( NyB 

(S18b) 

1 M 

e yw~B Y6 y 0B 

(S18c) 

displacement relations are 


e y B “ Yl e x Ub ,x 

(S19a) 

e 9B = yi 1 e x( u B- w B c <> ta+ ''B^) 

(SI 9b) 

£ y» B ■ - V B + “B ,*) 

(S19c) 


Substituting equations (S16), (S17), (S19a), and (S19b) into equation (S18b) and integrating 
give 
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Bn 

u b = <!b; 00 ‘“ 


where 


A-ix -Aix A , AoX -^2 X a Q / o A 

A-j^e 1 + A 2 ^ 2 e 1 + A 3^3 e * + A 4^4 e - p^v 1 ^ “ V x 




M 


+ 




- p i(ffi +P 2\ L ' 


If) +i-» 2 


■>«“-< <4 


m 


=1 \ A i 


\ \ 


l mTTX \ 

f —) 

+ c ll 

/ 

J 


cos n <p 




’/'I = 




1 + A^ - n^ 

M 

A 1 + n 2 - 1 


M 


y(* + A 0 


/Vi T 11 - i . \ 

■-Sr— 


1 + A 9 - n 2 

*» m xi “y( l + x 2) 




i'A = 


A 0 + n 2 - 1 


- My(l - Xj) 


y 


(mirr rmr 
{ x i x i 


(S20) 


(S21) 


Substituting equation (S17) and equation (S19c) into equation (S18c), utilizing equation (S20), 
and integrating give 
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where 


(B e /B ye )(l - + (B„/B y ) 

V 

(W) 1 

M - 1 

(1 - !xy y ) h - (B e /B y ; 

1*2 

A! + 1 


A ( B a/ B ve)( 1 - - (V B y)^3 

3 ^2 " 1 

. K/Ofr - »>;>2 - K / b vK 
4 ' *2 + 1 


(S23) 


The constants of integration and C 2 are determined by substituting the expressions 
for Ug, Vg, Wg, Ngg, and Nyg into equation (S18a) and matching appropriate coef- 
ficients; this gives 


Ci = cot a 

c 2 = o 


!° ( n 2 . u’ ] - a ° 

p 2 \ % 7 n 2 - 1 


(S24) 


The constants of integration Ai to A 4 are determined from the boundary condition for 
ug and Vg, the first two of equations (B47). When the expressions for u B , Vg, wg, 


yB> 

and 

N y 6 B 

*11 

l 12 

*13 

l 21 

L 22 

*23 

131 

L 32 

*33 

hi 

*42 

*43 


f — \ 

A 


>- 


L 4 
v J 


g ll g 12 g 13 * * * g lj 

g 21 g 22 g 23 * * • g 2j 

g 31 g 32 g 33 • * • g 3j 

g 41 g 42 g 43 * ’ ' g 4j 


r ~\ 


(j = M + 2) (S25) 


where ly 


and g.. 


are given in the next section. 
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Equation (S25) can be solved for to A 4 in the form 

M 

Ai = %a 0 + ri a Q + ^ $im a m (i = 1, 2, 3, 4) (S26) 

m=l 

With known in terms of ao, Sq, and a m , then F, u B , and Vg can be expressed 
in terms of these coefficients as 


F = cot 61 B e (l - ^04y)y;je x | a^O^ 1 * + « 2 e ^ + fi 4 e 


M 


+ r 9 e ^ lX + Foe^^ + T^e * 2X + + 


a m 


m=l L 


- 4 2m e " >llX ♦ 4 3m e '' 2X 


. -X 2 * 

* 4m> + $-> 4 $*** 


\ cos n 0 


(S27) 


u B = cot a (Bg/ByV a 0 


AiX ^ , -Xix „ , \ox „ , -Xox 1 

9 *°>** + °4^ * (^^.., 2) 1 


+ a r 


2 t 

, \ix "Xix X 9 x -Xox x n " Mv 

r *^ ****** *W t . - (B 9 /By) ( n a.^ — 


•I' 

m=l 


L m 


$ lm^l eXlX + $ 2m^2 e " XlX + + 




cos n 0 


(S28) 
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and 


c _ 

v-g = n cot a < + AgS^e + A3f23e X2X + A 4 f2 4 e X2X + — ■ - -j + a Q A 


Air ie Xlx 


— XiX XoX "XoX v /-£y ™ 1 \ XlX 

+ A 2 r 2 e + A 3 r 3 e + A 4 r 4 e +— — - + -« + / a m A l $ lm e 

n (n 2 -l) 


+ ^2^2m e + ^3^3m e + ^4^4m e + 


(f ) 4 - Pl (w 


¥i) - Ml] + ^ ■ 0) cos SE 


h l B y 


sin n 0 (S29) 


For symmetric deformations the transformed compatibility equation is 


F 0,*x - 1? F o = cot “ - ">y) w B^ 


and the solution is readily found to be 


F 0 = B 0 (l - vy y ) cot a B ie ° X + B 2 e' X o x + + 2_ - ^ . 1 

1 y m=i ( m V x i) + (V B y) 


JBL cos -HU. 
X 1 X 1 


(S31) 


where 


^-o ~ \ B $/ B y 


The displacement v oB = 0 and u Q g is given by 
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u D = cot a 
oB 


M 


’\ e -V 


m=l 


B l^ x o - 11'^je 0 - B 2 ^X 0 + n'^j 

- fv> /-d \( minx mu m7rx\. 
(Be/By) (sin — - fi y — cos — ji 

( m V x i ) 2 + ( B e/ B y) 


L m 




0 


4 - a n + a n x - 

°l B e/ B y/ 


(S32) 


The boundary conditions become 


_h ll 

h 12 

11 

V PQ^ 

g ll g 12 

g 13 • • • g lj 

_ h 21 

h 22_ 

\_ b 2 J 

g 21 g 22 

e 23 ... e 2 . 


r a~^ 

a o 


> (j = M + 2) (S33) 


a M 
v. J 

where h^ and e^ are given in the next section. Equation (S33) can be solved for B^ 
and B 2 in the form 

M 

Bi = S2 0i + r oi a 0 + ^ ^ 0 im a m (i = 1, 2) (S34) 

m=l 

With B| known in terms of a 0 , a 0 , and a m , then F 0 and u Q g can be expressed in 
terms of these coefficients as 

r 


F o = B ei 


(l - cot « |a 0 (f2 ol e X ° X + « o2 e" V ) + a o(r ol e X ° X + r o2 e“ X ° X + 


M 


+ \ ) a 


m 


m=l 


, X n x 
*olm e ° + $ o2m e 


-X G x (n»r/x 1 ) cos (mirx/x 1 ) 
(m ir/x^ 2 + (B 0 /B y ) 


(S3 5) 
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u oB = cot a < a o 


“oi(^ty®y ' ^K 0 * ' n o2(\l^/% + ' t e) e " >< * + 1 


+ a. 


r oi( \/ B e/ B y 


-^)e V -r o2 (jB^% + .' e )e' V 


+ X 


/i 0 


B e/ B y 


M 


+ Z_ ai 

m=l 


m 


*olm( W - ^> V - *o2m(lK/% + “’eK" 0 * 


b V b 


eri - gin SIZE. _ _I iA — cos 2S 


( m V x i ) 2 + ( B 0 / B y) 


4 b 0 x 1 


(S36) 
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EXPRESSIONS FOR ljj, g^, hy, AND ey 


The expressions for ljj are 


1 - — V l + X-, - n 2 ] - cot a — — i/a. - n cot a S-ULti Aj 

B 0 /B y y\ 1 J B y Z r l Z 1 


(l p— -Vl " " n ^) - cot a — - n cot a 

\ B 0 /B yy /V 1 J By z ^2 

(‘ ' B^)(‘ + X 2 ' " 2 ) ' ° 0t “ if ^ *3 - n cot “ 

(* ' if^ 1 ‘ X2 ‘ " 2 ) ‘ COt “ If ^ ^4 - n cot “ ^ A 4 

(j£f if 1 ' 4 Xj - » 2 ) + 22 cot o 5^2 * 

\Rl/ l B g/ By^y \ / yBy ^ 


Q i2,l . 
Z*— A 3 




if) f ■ - M - » 2 ) 4 22 cot a ^ : ?^2 ^ + » 2^2 4 


M* 2 /, 

R l/ \ B e /E 


fe)(‘ + x 2 - n2 ) + if cot “ (if ^ *s + “ 


f^A 3 


sp (■ 


Jife-Vl - x 2 - n 2 ) + 52 cot afe 

B e /B y y\ 2 / Rl \B y 






Bfl Q 


-n 1 - 


B 0 /B ; 


Be/Byj 




0^21.1 


x 2 -cot<*(2«S2Ll 

W z 


^3 +n 
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1 34 = -nil “ 


B 0 /B ; 


4i = 


42 = 


'Ro\ X l 



n 1 


'R/ Xl l 

,Ri 


r R-\ 2 


-n 1- 




143 = w 


44 = 





-nfl- ^ 

\rJ 

_ \ B W 


r 2 . / R e Ql2,l , ^22, 2 . , 

— “* " ^ — “ *4 + n ~t~ A 4 ] 


A 0 + — • cot a 
2 Rl 


The expressions for gij are 


. cot_ 2 _/' n SlM . 2ni\ ^13,1 

11 n2-l\ Z Z I Z 


n 2 -^ ^ 2N \ cota Q n A 

n2 ( B e/ B y) " M 0 

QlO 1 

1 n cot n* A * lX 

1 

p 2 y 1 B e /B y y z 

P 2 J 

T 11 L/Ul tc 

z 

n 2 - 1 





+ n cot a 


^-0 



+ 


^14,1 rmr 
Z Xj 


tan cn 


(i > 2; m = i - 2) 
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g 41 


g 42 = 


r 2 

r 

cot a | 

^ Q 21,2 

„ Q 22,2^ Q 23,2 

R 1 

_ n 2 - l' 

z 

n Z /" Z 





r 2 

cot a 

Q 21,2 

( n 2-l) in Si-/] 

Rl 

(»2 - 1 

^2 Z 

' m Ri l 1 




B 


e/ B yy 


*2 

Rl 


Q 22,2 

1 + In R2/R1 

Z 

n2 - 1 


'tpe/Zj) - ife 


Rj Z Rj Z 


g 4i 


(-1) m7T/x 1 


,« 2 


L » 9 |/mir\ 2 r 2 ^ _ Q 21,2 

(m./x^ - Pl (m VXl )2 + P 2 \ \ " B 0 /B y j[^ j R X Z 



+ 1 


Be o\ R 2 . ^22,2 / B e . 

.,^„2\ += _ncot a -^-|g-.^ 


Br 


Rl 


tan a (-l) m S2L 

n v ' X, 


(i > 2; m = i - 2) 


The expressions for are 

Mfl 2 Q 


h n " 1 “ WqJb^ ” cot 01 (\| B ^/ B y " 

(\| B 0/ B y + 


m ' 0 2 Qn i 

h 12 =1 -B^ + -Z^ C ° t< ' 


/Ro\ A 0 

h21 = Rl) 


/r 9 \" x ° 
h22 = Rl) 


(W-i) 


M 0 2 R 2 Q 11,2„^^, 

1 - ^ — 2— cot a 

Be/By Rl z 


(j B e/ B y + m ; 
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The expressions for e^j are 

Qi i i Qi q i 

e 1 1 = -iiti cot a + -±^- 
11 Z Z 


1 - |iflP y Qll I [in Qj4 1 

e i9 = T- 1 - — rr^ cot Q! — — j — — + — — — ■ tan a 

12 B e /B y Z B 0 /B y Z 


e !j /m,r\2 





Q! 


if] + ( B e/ B y 


(i > 2; m = j - 2) 


"21 


= 3(2iM cota+ 2lf!' 

Rl\ Z Z / 


e 22 = " 


+ ^2 cot « 2lM/in - Ji») ♦ ^1 to. + ! tan a 

Bfl/By Rl Z l Ri Bfl/Byi Ri Rl z Z 


- , m7r ( R 2/ R l) C0t “ ^11,2 - (* “ Wy) ^14,2 t 

^" (W *T (myx^ ♦ (B e/By) 


(i > 2; m = j - 2) 


where 


Z = 


R 1 


COS 


Jf^e 

«-) D v 




Qji - Sjj - 


cos* a 
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EXPRESSIONS FOR t>ij, Cy, dy, ey, AND fij 
The expressions for by are 


b ll = n ' 


b 12 - t 1 





1 - 


f£5fi + 2*Wi- 

l Dy 


^ “ z (i “VfiMyJti cot 4 O' + n 


-2 



!-!=£■ 


£ i ( n 2 . 2 ). 2 (^.,; 


D 


-n^Ef + V )^V 2 ln^ 


‘ 2 D y D y A R i / 


Ri 


- z(l - PflMy) t 2 cot 4 0! + y 2 
b 21 = b 12 

with t 2 and y g replaced by t^ and y^ 

1 - (-l) m (R 2 /R x )- 2 
/ m7T V 

\ ln R 2 /RlJ 


blj = „2 _ 2 » 


In R 2 /Ri 4 + / mu \ 2 



nur 


i In R 2 /R 




+ 2 


Es („2 . a ) . 2 'hi 

r > \ < t^i 


D, 


D 


'(l " MgMy) 


t 3 m cot « + y 3m 


D, 


(j > 2; m = j - 2) 



(Equation continued on next page) 
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t>ii = (i > 2; p = i - 2) 

with t 3 m and yg m replaced by t^p and y^p an d m replaced by p. 

b i2 = b 2 j (i > 2; p = i - 2) 

with tg m and yg m replaced by tg p and yg p and m replaced by p r 
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The expressions for c^j are 


C 11 = c 12 = C 21 = c lj = c il = 0 
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_ _ 11177 p 77 

ij "in R 2 /Ri In R 2 /Ri 


l-( 


.l) m+ P(R 2 /R 1 )- 1 [ 1 ♦ (j 


mu \ 2 / pff x2 


In R2./H1/ \ln R2/R1 



The expressions for dy are 


dii -- n2 CH 


In R 2 /RjJ 
(U > 2; m = j - 2; p = i - 2) 


d 12 = d 21 = -n2 


R i V R i 1 


d 14 = -n^ 


m7T 

1 - <-l) m (R 2 /Rj) 

In R 2 /Rj 

\ * (l» R 2/ R l) _ 


= d 


il 


(j > 2; m = j - 2) 


with m replaced by p. 


fi-5sV” 2 


V R 1 J 

V R 1 / R 1 R l\ R 1 1 


d 2j = 


r 


m7T j 

n 2 (-l) m (R 2 /R^ln B 

: 2/ R l + 5. 

1 - (-1)> 2 /rJ 

In R 2 /Ri j 

-1 

/ mn 
^ln R 2 /Rj 

) 2 



with m replaced by p. 


(j > 2; m = j - 2) 
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r_ 


d .. _ V Ptf \ 2 y 

f 2 (ta R 2 /Rl)_ 

[l - (R 2 /Ri)] 

+ 4n 2 

i - (R 2 /R 1 )) 

33 2 (lnR 2 /R 1 j < 

K 

1 + 4^ 

r P7T 

k ln r 2/ r ] 

:) 2 

/ 

J 



_ l 

e ll"2 


- 1 



Ro 




+ @2 

[~1 - (-l) m (R 2 /R 1 ) 2 ] 


4 + 


mir 


In 


R 2 / r 1 


+ ^3m 


(j > 2; m = j - 2) 


e 21 " e 12 

with /3 2 replaced by /3^. 



-r\ 


4 + 


/ mir \ 
[in R 2 /Rj 




-I J 


+ ^6m 

(] > 2; m = j - 2) 
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(i > 2; p = i - 2) 


e il " e lj 

with |3g m replaced by ( 3 ^ and m replaced by p. 
e i2 = e 2j (i > 2; P = i - 2) 

with /3g m replaced by /3g m and m replaced by p. 


c .. _ 4 P7T m7T 

(_l)P +m | 

(V 9 !) 

1 2 - 1 

^ In Rjj/Rj In R 2 /Rj j 

f 4 + l 

[CP + m) , -Arl 

| 2_ \J 

r 4+ i 

Rp - m) , * "1 

l 2 "\ 


+ A 


9mp 


The expressions for fy are 


f ll “ f 21 = f il - 0 


Ho 

f 1 „ = _ 1 

11 Ri 


f 14 = 


m7r 


lj In R2/R1 


1 - (-i) m fr 2 / R 1) 


/ m7T Y 

v ln R 2/ R lJ 


(i,i >2; m 3 i - 2; p = j - 2) 


(j > 2; m = j - 2) 


5 a (in 5 a 

Rl \ Ri 


f 22 = _^(ln ^ - 11 + 1 


r 


f - m7r / 


(-l) m (R 2 /R x ) in (R 2 /R t ) [ ^R 2 /RiJJ 


1 - 


H17T 


1 - <-i) m (R2/ R i)] 


1 + / m, V 
(to R2/K1J 


1 + 


m7r 


In R 2 /Ri 


(j > 2; m = 3 - 2) 


f. « 1 - (iQVgil 

12 In Rjs/Rj J + / mi7 \ 2 


/ IX17T \ 

W R 2/ R lJ 


(i > 2; m = i - 2) 
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(i,j >2; m = i - 2; p = j - 2) 

The quantities t are defined as 



t 2 = ti 

with replaced by Tj. 

*3-*l 

with replaced by and the additional term 



(Equation continued on next page) 
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, x 2 + 1 
^2 






t 5 = *4 

with replaced by I*. 

*6m = *4 

with J2i replaced by 4>j m and the additional term 



t = 

7p lnRa/Rj 


r 

Xl(\l + l) 

[l - (-l)P(R 2 /R 1 ) Xl j 

\i(xi - i)fi 2 [i - (-D p (R 2 / R i)" Xl 

\ 2 

\ f 4. 

( P7T \ 2 

X 2 , / P . \ 2 

A -j T 

[in R 2 /RiJ 

1 (lnR 2 /Rij 



% = t 7p 

with replaced by rj. 

^9mp “ *7p 

with replaced by 4>i m . 

t 9p = *7p 

with fij, replaced by 4>jp and the additional term 
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The quantities y are defined as 


Rr 


r 1 = cot “( s 33,l + jjj- S 33,2^ 


+ c °t o> — (s 31>1 




(B 0 /B y )(n 2 - l) 


r 2 

+ S 31,2r^ 


/r «i 




fi l^llR7) +n 2'/ / 2l 




0 3*3(rJ] 


+ 


-a 2 


(B 0 /B y )(n 2 - l) 


+ n cot^ a / S32,l(^l&i + A 2^2 + ^3^3 


+ + 



. g r 2 

+ s 32,2rJ 


A -^£2^ 




+ A3O3 




r 2 , r 2 ,3 
y 0 = — — In — — cot a 

r 2 Rj R x 


B 0 4 

S 33,2 + B- cot “ 



+ r 2 ^ 2 + r 3 i // 3 + r 4 ^ 4 + 



+ S 31 > 2r^ 



+ r 2 i// 2 



+ r 3 ^ 3 




In r 2 / r i 

(B s / B y )(n2 . 1) 



r 


+ n cot 4 ol ; S32j i A x r x + A 2 r 2 + A 3 r 3 + A 4 r 4 


v 


(Equation continued on next page) 
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1 - 


»6 


’-^1 *>«,.» 


(n2 - l) 


\“ x 1 \ X 2 


Airif^J + A 2 r 2 &) ‘*4*1) +A 4 r 4 (^: 


. “Xr 


**0 


In H 2 /R^ Bg/By 

n 2 - 1 


(n 2 - l) 2 JJ 




/ + cot 2 O' (s 34jl + S 34>2 ) 


±ig 4 

y Sm = B: cot “ 


s 31,l ^lm^l + *2m^2 + $3m^3 + $ 4m^4 


mir J i 

M'-. 


in r 2 / Ri \ y 






+ S 31, 2 r 7 + # 2 m^ 2 ^ 


A X 1 


/R 2 \ 2 /R 2 


r x 2 (-i) 


m mu ( t 


In R 2 / Rl p^n R 2 /R 4 


/ m 7 T \ 2 

\ln R2 / r 1/ 


+ 1 


- n‘ 


(in Ra/Rj) ’^(lnRa/Rj) + P2 y 


r 


+ n cot^ 0! c 832^1 


A l 4 lm + A 2*2m + A 3*3m + A 4*4m 


(Equation continued on next page) 
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R 2 R 2 t.3 a- . . a. . . R 2 R 2 „ n A B e o. ,,,7 R 2\ Xl , n^,J R z\ Xl 


^4 = Rj ln Rj cot a S 33,2 - S 8 l,2 Rj ^ ^ a ^ + «2^ 


+ VsS^j + “^(gj) - . {j + S «.l C0 * S “ If °1*1 + %** 
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r 9p = n>mp wlth m = P 

4 

The quantities /3 are defined as /3 = y with Sij replaced by Mj/j sin a. 

For symmetric deformations, the quantities tj are replaced by t Q i defined as 



*02 = *01 

with replaced by r oi* 

^o3 = tol 

with J2 0 i replaced by 4> 0 i m and the additional term 



*05 _ *o4 

with J2 0 i replaced by *oi* 
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to6m - tc>4 

with fi 0 i replaced by $ 0 im and the additional term 


fS (-D m m R 2 /Rl 



^oSp “ t o7p 

with S2 0 j replaced by r 0 i. 
toSJmp = t 0 7p 

with replaced by $ 0 im* 

*09? = *o7p 

with S2 0 i replaced by 4> 0 ^ m and the additional term 



For symmetric deformation, the quantities y^ are replaced by y Q ^ defined as 
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ln fT s 33,2 cot3 “ + cot2 a ( S 34,l + s 34,2) 
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For symmetric deformations, the quantities & are replaced by 


/3 0 j defined as 


0oi ~ I'oi 

4 

with S^j replaced by sin a. 



EXPRESSIONS FOR Sy AND My 
The expressions for Sij are 

— 9 — — o 

511 “ S 11 cos a + 2S13 sin a cos a + S33 sin' 0 a 

512 = S21 = Sj2 cos a + S23 sin a 

s 13 = S 31 = ( sin2 a ~ cos2 «)Sl3 + (Sn - S33) sin a cos a 
S14 = S41 = S44 cos a + S34 sin a 

S22 = S22 

®23 = ®32 = "®23 cos a + ^12 sin a 
s 24 = s 42 = ^24 

533 = S44 sin 2 a + S33 cos 2 a - 2Sj3 sin a cos a 

534 = S43 = -S34 cos a + S14 sin a 
S44 = S44 
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where z 0 is the eccentricity of ring centroidal axis measured from inside shell surface, 
positive for external ring, and 

A = 

R 1 B 0 




I z cos 2 a + Iy sin 2 a + 2Iy Z sin a cos a 
RjA r 


I Z " 


L yz 


p p 

Iy cos* a + I z sin a - 2Iy Z sin o' cos a 


R 2 A r 


Iy Z (sin^ a - cos 2 a) + sin a cos l z - 1^ 
R^A r 


J = 


R^Aj 


z n = 1 + — cos a 
° R 


= M31 = (sin 2 a - cos 2 ch)m^3 + (mu - M33)sin a 


M ll = 

M 11 

m 12 = 

m 21 

M 13 = 

m 31 

M i4 = 

M41 

m 22 = 

m 22 

m 23 = 

m 32 

m 24 = 

M42 

M33 = 

Mn 

m 34 = 

m 43 


The expressions for Mjj are 
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M44 = M44 
where 
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